The th-order determinant of a Toeplitz-Hessenberg matrix is expressed as a sum over the integer partitions of . Many combinatorial identities involving integer partitions and multinomial coefficients can be generated using this formula.
Introduction
where 0 = 0 and = 0 for at least one > 0. This class of matrices is encountered in various scientific and engineering applications [2, 3, 5, 6, 9, 10, 15] . For instance, the Toeplitz-Hessenberg matrices may appear in difference equations arising from the discretization of differential equations. For more details, one can refer to [5] and the references therein. Recall that [1] a partition of a positive integer is a way of writing as the sum of positive integers, i.e., 
Example 2. Many combinatorial identities involving sums over integer partitions can be generated in this way. Some of these are presented in the last section of this paper.
A proof of the Trudi's formula
Theorem 1 follows immediately from the following two lemmas: 
Some applications
In many theorems of calculus and number theory we encounter the following Bernoulli numbers B , defined from the expansion 
Corollary 5.
Let be a positive integer. Then
Considering the following identity 
Corollary 6.
Let be a positive integer. Then 
Corollary 7.
The Harmonic numbers H are defined by
we deduce the following corollary.
Corollary 8.
Relationship to complete and elementary symmetric functions
The -th elementary symmetric function
and the -th complete homogeneous symmetric function
are well-known [11] . In particular, we have 0 = 1 and 0 = 1. For > or < 0, we set = 0 and = 0. The elementary symmetric functions are characterized by the following identity of formal power series in :
Analogous, for the complete homogeneous symmetric functions we have: 
We remark that these relations can be found in [12] . The relationships of the complete and elementary symmetric functions to the binomial coefficients (1 1 ) = and (1 1 ) = + − 1 are well-known. Furthermore, the Stirling numbers, restricted Stirling numbers, Legendre-Stirling numbers, JacobiStirling numbers and central factorial numbers of both kinds are specializations of elementary and complete symmetric functions. More details can be found in [4, 13] . Therefore, some combinatorial identities and its -analogs can be easily derived. For instance, the case of the binomial coefficients can be written as
Corollary 9.
Let and be two positive integers. Then ( 2 )
